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Two-Dimensional Linear Transient Inverse Heat Conduction
Problem: Boundary Condition Identification

B. Guerrier* and C. Benard*
National Center for Scientific Research, Orsay 91405, France

This article deals with the identification of unknown time- and space-dependent boundary conditions for
systems driven by the heat equation. We first consider a one-dimensional and single-input problem, dealing
with the identification of the time-dependent heat flux on one side of a one-dimensional linear thermal wall,
from temperature and heat flux measurements on the other side. We then focus on a quenching process; our
interest is to identify the time- and space-dependent heat flux on the boundary of a metal piece from temperature
measurements performed inside the material (two-dimensional geometry). Those inverse problems are solved
by use of a regularization method, and the solution is obtained by minimization of a quadratic criterion. Because
of the linearity of the input-output relationship, the solution of this minimization is derived from the linear
quadratic optimal control theory (resolution of a nonstationary Riccati equation). The robustness of the method
for very small signal-to-noise ratio is shown. In the two-dimensional multi-input problem, the identification
sensitivity to the localization of the measurement points is analyzed. In both cases, we consider input that are
discontinuous in time, in order to show the method accuracy in the high-frequency domain.

Nomenclature
A = state equation matrix
a = thermal diffusivity
B = input matrix
C = output matrix
ERu = input error
ERy = output error
Id = identity matrix
/ = optimization criterion
/ = thickness of the thermal wall (one-dimensional

geometry)
MU = regularization matrix (two-dimensional

geometry)
n = number of spatial nodes
P = Riccati matrix
r = dimensionless radius (two-dimensional

geometry)
S = step function
T = temperature
Tf = temperature at node i
t = dimensionless time variable
Ucl = boundary conditions vector (fwo-dimensional

geometry)
u = input: heat flux on face x = 1 (one-dimensional

geometry)
Uf = /th input (two-dimensional geometry)
MO> U0i = constant reference values of u in criterion /
x = dimensionless space variable (one-dimensional

geometry)
YJ = /th output (two-dimensional geometry)
y = output: temperature on face x = 0 (one-

dimensional geometry)
z = dimensionless height (two-dimensional

geometry)
P = regularization parameter (one-dimensional

geometry)
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F = time horizon
8t = time step
dx = space step
or = standard deviation of measurement noise

Subscripts
m = measured variables
r — r direction
V = "true" variables
z = z direction

Superscripts
T = transposed vector or matrix
* = identified variables

I. Introduction

T HIS article deals with the identification of unknown time-
and space-dependent boundary conditions for systems

driven by the heat equation. Identification of boundary con-
ditions is at stake when direct measurements on the consid-
ered boundary are unreliable or impossible, as is the case in
many practical situations; e.g., ablation problems when sat-
ellites re-enter the atmosphere, control of welding processes,
ovens, or quenching baths, etc.

In this article, we first consider a one-dimensional problem
dealing with the identification of the time-dependent heat flux
on one side of a one-dimensional linear thermal wall, from
temperature and heat flux measurements on the other side.
The purpose of this "academic" one-dimensional study is to
analyze the influence of the discretization and regularization
parameters used in the identification method, and to test its
robustness to handle noisy measurements. We then focus on
a more realistic situation: our interest is with the identification
of the time- and space-dependent heat flux on the boundary
of a metal piece during a quenching process. In such a case,
temperature measurements are performed inside the material.

Those identification problems, or inverse problems, are ill-
posed. "Ill-posed" means that the conditions of Hadamard1

on existence, uniqueness, and continuity of the solution, with
respect to the measured data, are not satisfied. In our prob-
lem, this is related to the fact that the input to be restored
(boundary heat flux) and the measured output (e.g., tem-
perature inside the material) are connected by a low-pass band
filter, so that noise in the system or in the output measure-

472



GUERRIER AND BENARD: BOUNDARY CONDITION IDENTIFICATION 473

ments destabilizes inverse resolution procedures made to re-
store the input.

A great deal of attention has been paid to ill-posed prob-
lems during the last 30 yr.2~5 Indeed, they are met in many
different fields. For the heat equation, many of the first stud-
ies, performed by heat transfer specialists, were analyti-
cal.6-8 Mathematicians, Russian specialists in "functional
analysis" in particular, have produced theoretical studies and
established existence, uniqueness,9'11 or stability12-14 of the
solutions. Many other studies are concerned with numerically
resolving inverse problems. Most of these studies introduce
a regularization technique, which means that they intention-
ally reduce the admissible input functional space. This is ob-
tained either by choosing the function basis15~18 or by turning
the problem into the minimization of a stabilizing least-square
objective function.n'19~27 Some studies develop very specific
approaches, such as space-marching technics.28

Our approach is based on the Tikhonov19'21 regularization
technique. A brief description of the method used is given in
Sec. II. This section is devoted to the study of the coupled
influences of the regularization parameter and the time and
space discretizations parameters in a one-dimensional and
single-input case. In Sec. Ill, we shift to a two-dimensional
multi-input situation and study the influence of measurements
localization. In both cases, time discontinuous input are con-
sidered in order to test the method accuracy in the high-
frequency domain.

II. One-Dimensional Single-Input
Identification Problem

A. Problem Definition and Identification Method
The identification problem is that the unknown input u(t)

(to be identified) is the impinging heat flux on one face (x =
1) of a one-dimensional linear diffusive wall. On the other
side of the wall (x = 0), the other input is a flux which is
known and equal to zero in the examples given below. The
output y(t) is the temperature on this very same face (x =
0). The state equation of the temperature T(x, t) is

dT(x, t)/dt = d2T(x, t)/dx2 0 <x < 1 (1)
with x = xdim/l and t = tdima/l2, where a and / are the thermal
diffusivity and the thickness of the medium, respectively. The
initial condition is T(x, 0) = 0.

Using a regularization method, we deduce the solution u*(t)
from the measured output ym(t) by minimization of criterion
/, defined on the observation horizon F

= \ (y - ymy dt + p \ (u - o
JO JO

(2)

UQ is a constant, and y(t) is the temperature on face x = 0,
when the heat flux on face x = 1 is u(t). The first term of
criterion / handles the information given by the measure-
ments: minimizing this term yields the input u(f) which gives
on face x = 0 a temperature as close as possible to the mea-
sured one. The second part of / is a regularization term, which
prevents the minimization of the first term of / from gener-
ating instability, using some a priori information on the un-
known input. This penalization term ensures the continuity
of the inverse operator and the filtering of measurement er-
rors. The relative weight of those two terms is fixed by the
choice of the regularization parameter p.

The model used in the numerical procedure to calculate y
in terms of u is obtained by a classical spatial discretization
(finite difference scheme) of Eq. (1), which becomes

t(t) = AT(t) + Bu(t)

y(t) = CT(t)

(3)

(4)

The state vector T(t) E Rn [the ith component Tf is the
temperature at node /, with xt = (i8x - ck/2), with 8x =
l/n]. A(n,n), B(n, 1) and C(l, /i), are constant matrices easily
deduced from the spatial discretization scheme.

Rewriting J(u) with y(t) expressed by Eq. (4) leads to

= Jl dt + const (5)

with

Jl = (TTu) 0 R

Q = CrC, R = /3, q = -CTym, k = -/3uQ

Hence, our identification problem is equivalent to the min-
imization of a nonhomogeneous quadratic criterion, associ-
ated to a linear system. The analytic solution of such a prob-
lem is known2930 and is given by

, 0 = -R~l[(BTP)T + BTg + k] (6)

where P is a symmetric matrix of dimension (n, n) solution
of a nonstationary Riccati equation, and g is a n-vector so-
lution of a first-order differential equation, with time-de-
pendent coefficients.

B. Test Problem
We will use the following notations:
1) uv is the input to be identified. Its exact value is used

as a reference to check the precision of the identification
procedure defined by Eqs. (3-6). To analyze the accuracy of
the method in the high-frequency region, uv(f) is defined for
0 < t <= 1.5, as: uv(t) = -S(t) + 2S(t - 0.5) - 2S(t - 1)
where S(t) is the step function (c.f. solid line on Fig. 2).

2) yv is the output generated by uv.
3) y* is the solution of Eq. (4) when u = u*.
4) Two errors terms ERu and ERy are defined as

ERu = Ul/M) X [uv(mSt) - u*(m8t)]2

ERy = [yv(lSt) - y*(l8t)]2

with M8t = 1.35 and L8t = F - 1.5.
These two terms give rough-averaged information only on

the identification performances, but comparing their respec-
tive dependance on p is enlightening to understanding the
difficulty of such ill-posed problems. Note that the error ERu
is not calculated on the whole measurement horizon F. In-
deed, an error on the input u at the end of the horizon has
a negligible effect on (y - ym). So, at the end of the horizon,
when J(u) reaches a minimum, u* is close to w0, and not to
uv. The importance of this effect depends mainly on /3. It has
been shown in Guerrier25 that the choice of ua is not sensitive;
a rough estimate of the average order of magnitude of u is
good enough. In our example, u0 = — i.

The numerical procedure is the following; in a first step,
matrix P and vector g are obtained by solving the Riccati
equation backward in time from t = F to t = 0. Then, the
input u*(f) is obtained by solving Eqs. (6) and (3) from t =
0 to t = F. A fourth-order Runge-Kutta scheme was used,
with time step 8t for u* and 8t/2 for P and g.

C. Noiseless Observations
To assess the method ability to identify high-frequency in-

put, we first consider the case of observations with no noise
(ym

 = yv), and analyze the influence of the parameters p
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(regularization parameter) and dt (temporal discretization).
The results given in Table 1 and Figs. 1 and 2 for 8x = A,
lead to the following conclusions:

1) If j3 gets smaller than some value /3min, ERu increases
suddenly and the minimization of J(u) no longer allows the
identification of u(t). This minimum value /3min decreases when
8t decreases (Fig. 1). Let us emphasize that when /3 is smaller
than /3min, the large increase of ERu does not show on ERy.
Indeed, the difference between uv and u* appears chiefly in
the high-frequency region, while, due to the low pass-band
effect, the contributions of the high frequencies of u on y are
very small (Table 1).

2) When j8 is close to /3min, Fig. 2 shows that the method
gives very satisfactory results, even for high frequencies.
Characteristics fluctuations appear when uv is discontinuous,
due to the Gibbs phenomenon.31

3) Increasing /3 entails more filtering of the high frequencies
of uv. This is why ERu increases slowly with /3 (Fig. 1), when
]8 > j8min. A time step 8t equals to 0.01/4 (that is 8t/(8x)2 «
0.4) is small enough to solve the inverse problem. The min-

Table 1 Influence of ft on ERu and ERy with
n = 12, 8t = 0.01/4, crY = 0

j8 ERu
4
7
7
7
7
7
7

x
x
X
X
X
X
x

10-
10"
10-
10-
10-
10-
10-

12

12

11
10

9

8

5

0,
0,
0,
0.
0.
0.
0.

.28

.18

.10

.11

.12
,14
,24

0.5
0.4
0

0,
0,

.5

.5

.2

ERy
x
x
X

x
X

10
10
10
10
10
10
10

-6

-6

-6

-6

-5

-4

-3

0.6

0.0

. «t = 0,01/8
* « f = 0,01/4

11\\

\ V\ \• \ \
w m

2.0

-14 -13 -12 -11 -10 -9 -8 -7 -6 -5

Fig. 1 Influence of 8t and /3 on ERu with n = 12.
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U'(t)
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Fig. 2 Comparison of wv(0 and w*(0, with n = 12, 8t = 0.01/4,
<Ty = 0.

Table 2 Influence of /3 on ERu and ERy with
n = 8, 8t = 0.01/2, o> = 0.1

ERu ERy
7 x IO-6

7 x IO-5

io-4

4 x IO-4

io-3

7 x IO-3

7 x IO-2

1.9
0.48
0.35
0.29
0.33
0.45
0.74

io-2

0.8 x IO-2

0.8 x IO-2

0.8 x IO-2

io-2

3 x IO-2

io-1

2.0

0.0

-2.0

tlv(t)

Uo

0.0 0.5 1.0 1.5

Fig. 3 Comparison of
o> = 0.1.

TIME

and w*(f), with n = 8, 8t = 0.01/2,

imum error, obtained for ft = j3min, is not decreased by use
of a smaller time step 8t = 0.01/8, as can be seen in Fig. 1.
Further studies25 have shown that the conclusions are still valid
for 8x = J, and that the classical stability criterion used in
the explicit direct resolution of the diffusive equation, i.e.,
dt/(8x)2 < 0.5, can still be used in the numerical resolution of
the inverse problem.

D. Noisy Observations
The purpose of the previous section was to analyze the

accuracy of the identification procedure in optimal conditions,
i.e., when measurement errors are assumed to be negligible.
This section is devoted to the treatment of noisy observations.
An additive measurement noise, obtained by simulation of a
centered Gaussian white noise, is taken into account. This
additive Gaussian noise can simulate errors due to all the
measurement equipments. The standard deviation oy is set
to 0.1, that is about 21% of the deviation yVmax - yVmin. This
very small signal-to-noise ratio would, of course, correspond
to unusually poor measurements, but the idea is to show that
the identification method considered in this article is still ro-
bust in such a case. /3 is used here to handle the high fre-
quencies components introduced in the data by the mea-
surement errors; as a consequence, it is much greater than
j8min. The results in Table 2 indicate that the optimal value of
)8 is about 4 x 10~4 for o> = 0.1, leading to u* displayed on
Fig. 3. As seen in this figure, the estimation of uv is still
satisfactory in this very noisy case. Note that the variations
of ERu are not very large for fi varying in the range of its
optimal value, indicating that the exact value of /3 is not a
very sensitive parameter; ERu < 0.35 when 10~4 < ft < 10~3.

III. Two-Dimensional Multi-Input
Identification Problem

Taking advantage of the results obtained in the one-di-
mensional case, this section deals with a more complex sit-
uation, where the unknown boundary is not a time-dependent
function, but a time and space one. More precisely, the prob-
lem at stake is the identification of the heat flux at the surface
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of a cylindrical metal piece during a quenching process. Since
direct measurements of the flux or temperature on the piece
surface would not be reliable, this identification has to be
performed from inside temperature measurements.

A. Problem Definition: Direct Simulation
The order of magnitude of the parameters used in this study

are those of a quenching process in motor industry. To sim-
ulate the quenching process, the following test problem is
defined: at t < 0, a cylinder is in equilibrium with the outside
temperature, Tex. At t = 0+ , the cylinder falls into the quench-
ing bath, and is totally immersed at tdim = 1 s. The difference
between Tex, the initial temperature, and Tbath, the bath tem-
perature, is about 700°C. The exchanges between the cylinder
and the bath are driven by boundary conditions of the third
kind with h « 2000 W/m2/C. [In a real process, h would of
course change with the different types of heat exchange oc-
curring during the quenching. In this study (devoted to test
the method ability to handle discontinuities of the heat flux)
it would have been of no use to introduce a variable h.} The
state equation is (cylindrical coordinates)

8T(r, z, t)/dt = d2T/dr2 + (1/r) dT/dr + 82T/dz2 (7)

with r = rdim/radius, z = zdim/radius, height/radius = 12, t
= £dim0/radius2, and flux = fluxdim(radius/conductivity)/(7^
~~ * bath) •

This well-posed direct problem is solved by a classical nu-
merical scheme. Figures 4 and 5 give the temperature profiles
on the faces z = 0 and r = 1. It can easily be seen in Fig. 5
that the two-dimensional effects, at the top and bottom of
the cylinder, are not sensitive in the central part. The small
slope of the temperature profiles in this zone (3 < z < 9) is
due to the fall delay. On the contrary, two-dimensional con-
duction effects create important temperature gradients
(~100°C) in the top and bottom parts of the cylinder, for 0
< z < 3 and 9 < z < 12.

The time evolution of the flux U(t) is given in solid line in
Figs. 7-11 for different zones: as in the one-dimensional case,
U(t) is discontinuous in time, so that this test problem allows
us to analyze the method accuracy in the high-frequency do-
main.

B. Output: Measurements
Temperature measurements in the two-dimensional sensi-

tive zone are obviously needed if we want to get some infor-
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——1 = 0,12

—-— t = 0,18
........... t = 0 > 2 4 .
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Fig. 4 T(0 < r < 1, z = 0, t): Temperature gradient on face z = 0.

500.
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400.
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Fig. 5 T(r = 1, 0 < z < 12, t): Temperature gradient on face r - 1.

Table 3 Thermocouples localization

Output Test 1: z Test 2: z
I
2
3
4
5
6
7
8
9

0
0.48
0.83
0
0.48
0.83
0.83
0.83
0.83

0.5
0.5
0.5

11.5
11.5
11.5
1.53
6

10.5

0.23
0.23
0.23

11.77
11.77
11.77
1.53
6

10.5

mation on the two-dimensional effects. In order to study the
sensitivity of the identification to the thermocouples locali-
zation, two situations are analyzed. For both of them, tem-
peratures are supposed to be measured in nine points inside
the cylinder (Table 3) (c.f. Fig. 6 for test 1).

The only difference between the two tests is the distance
of the thermocouples 1, 2, 3 and 4, 5, 6 from the bottom and
top, respectively. This distance is 0.5 in test one and 0.23 in
test 2. These distances are to be compared with the total height
of the cylinder which is z = 12. Only a few thermocouples
are used in the central part, since we know that more data
would be of no use in this test problem.

C. Identification Method
From now on, the cylinder initial temperature and the tem-

peratures of the nine thermocouples is the only information
we have to perform the heat flux identification. The purpose
of the study is to analyze the method ability to restore both
the space distribution and the time evolution of the unknown
heat flux.

The identification method will not be detailed here since it
is similar to the one-dimensional case. The original heat Eq.
(7) is discretized, in order to get a set of ordinary differential
equations. We use a geometrical progression to generate the
grid in the r and z directions. This irregular discretization
scheme allows us to reduce the dimension of the state vector
on one hand, and to keep a precise grid near the boundaries
on the other hand. Seven and fifteen nodes are defined in the
r (0 < r < 1) and z (0 < z < 12) directions, respectively: nr
= 7, nz = 15, n = nrnz. In both directions, the space interval
close to the boundary is about A, as in the one-dimensional
case. The boundary condition vector Ucl(t)9 discretized cor-
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Fig. 6 Test 1: Identified input and thermocouples localization.

respondingly, has 2nr + nz components. The discretized direct
model used in the identification procedure is

t(t) = AT(t) + BUcl(t)

Y(t) = CT(t)

(8)

(9)

Because of the large aspect ratio of the piece on one hand,
and the small number of temperature measurements on the
other hand, identification of all the discretized components
of Ucl(t) would have no meaning. Therefore, the input vector
to be identified, U(t), is limited to nine components. Figure
6 gives the nine selected components of Ucl(t) to be identified,
and the corresponding meshes interval of the direct model
[Eqs. (8) and (9)]. In the same way, as for the thermocouples,
the choice of the input localization is made to test the method
ability to restore the two-dimensional effects.

As in the one-dimensional case, U*(t) is deduced from the
measured output Ym(t) by minimizing the following criterion
/, defined on the observation horizon F (F = 0.96):

J(U) = (Y - Ym)T(Y - Ym) dt

(£7 - UQ)TMU(U - l/0) dt

where a 9 x 9 regularization matrix MU has been introduced.
To compute U, the whole set of discretized (2nr + nz)

boundary conditions is needed. Therefore, the unidentified
boundary conditions must be expressed in function of the
identified ones. For the "corners meshes" (nr = 7, nz — 1
or 15) the heat flux for the horizontal face is assumed to be
equal to the vertical one. All other unidentified boundary
conditions are obtained by linear interpolation of the two
closest identified one. The following parameters are used: dt
= 0.0024, MU = 10~4/d, U0j = 100.

D. Results
Figures 7-11 on one hand, and Figs. 12 and 13 on the other

hand give the identification results for test 1 and test 2, re-

0.75

0-5

0,25

__ INPUTS : Uv
....... INPUTS :U*

0.0 0.1 0.2 0.3 0.4 0.5 0.6
TIME

Fig. 7 Test 1: Comparison of U3V and 1/3* (z = 12).

FLUX

1.

0.75

0.5

0.25 .

__INPUT4:Uv
....... INPUT 4: U*

0.4 0.5 0.6
TIME

0.0 0.1 0.2 0.3

Fig. 8 Test 1: Comparison of U4V and (74* (z = 12).

FLUX

0.75

0.5

0,25

__ INPUT 5 : Uv
....... INPUT 5: U*

0.0 0.1 0.2 0.3 0.5 0.6
TIME

Fig. 9 Test 1: Comparison of USV and US* (r = 1).

spectively. Comparison of these results leads to the following
conclusions:

1) On the vertical face (input 5-9), the method succeeds
in restoring both the time delay due to the fall in the quenching
bath, and the time evolution of the heat flux. For example,
for test one, Figs. 9-11 give the identified heat flux for input
5, 7, and 8.
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Fig. 10 Test 1: Comparison of Ulv and VI* (r = 1).
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0.5
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Fig. 11 Test 1: Comparison of U8V and C/8* (r = 1).
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1.

0.75

0.5 -

0.25 .

__ INPUT 3 : Uv
....... INPUT 3: U*

0.0 0.1 0.2 0.3 0.4

Fig. 12 Test 2: Comparison of U3V and £73* (z = 12).

0.5 0.6
TIME

2) Comparison of the identified heat fluxes on the hori-
zontal faces (input 1-4), for the two set of measurements,
shows the difficulties of this multivariable identification. For
test 1, Figs. 7 and 8 give the identified input U3 and U4 (top
of the cylinder). In spite of their localization in the two-
dimensional sensitive zone (0.5 from the top), thermocouples
4, 5, 6 are too far away from the top surface to allow a good

0,75

0,5

0.25

__INPUT4:Uv
....... INPUT 4: U*

0.0 0.1 0.2 0.3 0.4 0.5 0.6
TIME

Fig. 13 Test 2: Comparison of U4V and U4* (z = 12).

spatial discrimination. Two-dimensional diffusion effects are
strong enough for U3 to be underestimated and U4 to be
overestimated, while the time-averaged error ERy on each of
the nine output seems very satisfactory. Indeed, ERyl[Y(t =
0) - Y(t = T)] is no more than 10~3. The results obtained
for the bottom of the cylinder (inputs 1 and 2) are very similar.

It is only when considering the second set of measurements,
with thermocouples closest to the top and bottom of the cyl-
inder (0.23 instead of 0.5), that the two-dimensional effects
are correctly restored, as shown in Figs. 12 and 13.

This example highlights the strong ill-posed nature of this
multi-input problem; the information brought by the mea-
surements is not selective enough, so that the criterion / does
not show a sharp minimum. It means that multi-input iden-
tification in a real quenching process would need temperature
meaurements in the quenched piece very close to its surface,
if accurate spatial discrimination is wanted.

IV. Conclusions
The purpose of the present work has been to analyze a

regularization procedure in a one-dimensional and two-di-
mensional identification problem.

In the one-dimensional single-input case, we have analyzed
the role of the discretization and regularization parameters.
In the case of noiseless observations, we have emphasized
that /3 must be greater than some value /3min in order to solve
the discretized inverse problem numerically. When /3 is close
to j8min, the method was shown to restore the unknown input
with a very good accuracy, even in the high frequency region:
discontinuities in the flux are well-restored. With a proper
choice of /3, the method is still robust to solve very small
signal-to-noise ratio, when the noise standard deviation is
more than 20% of the range of variation of the measured
output. Regarding the discretization problem, it has been
shown that the usual stability criterion used to solve the direct
explicit problem, i.e., dt/(5x)2 < 0.5, is still valid for the res-
olution of the inverse problem with the method studied in
this article.

Taking advantage of the results obtained in the one-di-
mensional case, we have analyzed the sensitivity of the iden-
tification to the thermocouples localization in a two-dimen-
sional multi-input case. As long as the sensors are close enough
to the boundary, the method was shown to restore both tem-
poral and spatial evolution of the heat flux, with good ac-
curacy.
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